Abstract. A mixed type surface is a connected regular surface in a Lorentzian 3-manifold with non-empty spacelike and timelike point sets. The induced metric of a mixed type surface is a signature-changing metric, and their lightlike points may be regarded as singular points of such metrics. In this paper, we investigate the behavior of Gaussian curvature at a non-degenerate lightlike point of a mixed type surface. To characterize the boundedness of Gaussian curvature at a non-degenerate lightlike points, we introduce several fundamental invariants along non-degenerate lightlike points, such as the lightlike singular curvature and the lightlike normal curvature. Moreover, using the results by Pelletier and Steller, we obtain the Gauss-Bonnet type formula for mixed type surfaces with bounded Gaussian curvature.
Introduction
Let M 3 be an oriented Lorentzian 3-manifold. A mixed type surface in M 3 is a connected regular surface whose spacelike and timelike point sets are both nonempty. Although mixed type surfaces have no singular points as smooth maps, we may regard the lightlike points of a mixed type surface as singular points of the induced metric (i.e., the first fundamental form). Here, a singular point of a metric is defined as a point at which the metric is degenerate. In this paper, we study the lightlike points of mixed type surfaces in the way similar to the case of singular points of smooth maps, especially, of wave fronts. • The singular curvature κ s affects the shape of cuspidal edge [35, Theorem 1.17] , and tends to −∞ when the cuspidal edge accumulates to a swallowtail [35, Corollary 1.14] . Moreover, κ s appears in the remainder term of the Gauss-Bonnet type formula, see [35] [36] [37] (cf. [23] Based on the criteria for the cuspidal edge and the swallowtail given in [21] , the notion of the singular points of the first kind (resp. of the second kind ) was introduced in [28] , which can be regarded as an generalization of cuspidal edges (resp. swallowtails), reflecting their intrinsic natures (cf. A 2 -and A 3 -points in [14, [36] [37] [38] ). The purpose of this paper is to develop the theory of mixed type surfaces using the method of wave fronts. In particular, we introduce several invariants of lightlike points of the first kind, such as the lightlike singular curvature κ L and the lightlike normal curvature κ N , and investigate the behavior of the geometric quantities, such as Gaussian curvature, of mixed type surfaces near the lightlike points via their invariants.
Statement of results.
For more precise, let f : Σ → M 3 be a mixed type surface in an oriented Lorentzian 3-manifold M 3 = (M 3 ,ḡ). A point is said to be a lightlike point if the first fundamental form ds 2 := f * ḡ (cf. (2.3)) degenerates at p. Denote by LD (⊂ Σ) the lightlike point set of f , which is also called the locus of degeneracy. On a coordinate neighborhood (U ; u, v), set a smooth function λ := EG − F 2 , where ds 2 = E du 2 + 2F du dv + G dv 2 . Then, a point p ∈ U is lightlike if and only if λ(p) = 0. A lightlike point p satisfying dλ(p) = 0 is said to be non-degenerate. By the implicit function theorem, the lightlike point set LD can be parametrized by a regular curve near p (called the characteristic curve).
A non-degenerate lightlike point p ∈ LD is said to be of the first kind (resp. of the second kind ) if df p (v) ∈ T f (p) M 3 is spacelike (resp. lightlike) for each non-zero tangent vector v ∈ T p LD (Definition 2.2). If p is a lightlike point of the first kind, then the image f (LD) is a spacelike regular curve in M 3 near p. A lightlike point p of the second kind is called an L ∞ -point if the image f (LD) is a lightlike regular curve in M 3 near p. If not, a lightlike point p of the second kind is said to be admissible (cf. Definition 2.2). We remark that the notion of lightlike points of the first kind can be considered as an analogue for the cuspidal edge singularity of wave fronts, see Remark 2.3. We also introduce the notion of L k -points (k ≥ 3) in Definition 2.2. Such L k -points are lightlike points p of the second kind, and the notion of L 3 -points can be considered as an analogue for the swallowtail singularity of wave fronts.
Then, we define several invariants of lightlike points of the first kind, such as the lightlike singular curvature κ L and the lightlike normal curvature κ N (see Definition 3.2, cf. Lemma 3.5). Like the case of the singular curvature κ s , the lightlike singular curvature κ L affects the shape of mixed type surfaces (Corollary 5.7). Moreover, the following holds:
Theorem A. Let f : Σ → M 3 be a mixed type surface in an oriented Lorentzian 3-manifold M 3 and p ∈ Σ a lightlike point of the admissible second kind. Then, (i) the lightlike singular curvature κ L tends to −∞ at p.
(ii) the lightlike normal curvature κ N converges to 0 or diverges to ±∞ at p.
In particular, if p is not an L 3 -point, then κ N tends to −∞ at p.
By the assertion (i) of Theorem A, we have that κ L behaves similarly to the singular curvature κ s for the cuspidal edge singularity of wave fronts ([35, Corollary 1.14]). However, the assertion (ii) of Theorem A implies that the behavior of κ N is different from that of the limiting normal curvature κ ν for the cuspidal edge singularity of wave fronts, since κ ν can be extended continuously across the swallowtail singularity ([28, Proposition 2.9]). We also introduce the invariants called the lightlike geodesic torsion κ G and the balancing curvature κ B (Definitions 3.2 and 3.13, cf. Lemma 3.5, Proposition 3.16), and prove the similar results in Theorems 4.5 and 4.10.
Moreover, unlike the case of wave fronts, both κ L and κ N are related to the behavior of the Gaussian curvature K at a lightlike point. More precisely, we prove the following: Theorem B. Let f : Σ → M 3 be a mixed type surface in an oriented Lorentzian 3-manifold M 3 . If the Gaussian curvature K of f is bounded on a neighborhood of a non-degenerate lightlike point p ∈ Σ, then p must be of the first kind. Moreover, for a lightlike point p of the first kind, K is bounded on a neighborhood U of p if and only if κ L = 0 and κ N = κ B hold along the characteristic curve in U .
We remark that, in [16] and [45] , it was proved that, if the mean curvature H of a mixed type surface is bounded at a non-degenerate lightlike point p, then p must be an L ∞ -point (cf. Fact 2.4, [44] ). Hence, the first assertion of Theorem B can be regarded as the corresponding result in the case of Gaussian curvature.
On the other hand, in [30, Corollary B] , it was proved that the limiting normal curvature κ ν of a cuspidal edge is an extrinsic invariant. Similarly, the lightlike normal curvature κ N of a mixed type surface is an extrinsic invariant [15] . However, in the case of vanishing lightlike singular curvature κ L = 0, we can prove the following.
Corollary C. Let f : Σ → M 3 be a mixed type surface in an oriented Lorentzian 3-manifold M 3 , and let p ∈ Σ be a lightlike point of the first kind. If κ L = 0 holds along the characteristic curve near p, then the lightlike normal curvature κ N is an intrinsic invariant.
Such a phenomenon does not occur in the case of the cuspidal edge singularity on wave fronts (see Remark 5.10) .
In the case of wave fronts in R 3 , a Monge form of the cuspidal edge was given in [27] , which clarifies relationships among the invariants. Moreover, by using the Monge form, we can provide many examples of the cuspidal edge easily. In Proposition 6.1, we derive a Monge form of a mixed type surface at a lightlike point of the first kind.
Finally, in Section 7, applying the results by Pelletier [31] and Steller [40] and Theorem B, we obtain the Gauss-Bonnet type formula for mixed type surface with bounded Gaussian curvature.
, where Σ is a connected compact orientable smooth 2-manifold without boundary. If every lightlike point of f is non-degenerate and f has bounded Gaussian curvature, then
holds, where χ(Σ) is the Euler characteristic of Σ.
1.3. Organization of this paper. This paper is organized as follows. In Section 2, we shall see the fundamental properties of the lightlike points of mixed type surfaces. In particular, we show several conditions for lightlike points to be of the first kind, see Definition 2.2, (2.8), and Proposition 2.6, cf. Remark 2.3. In Section 3, we define the invariants, such as the lightlike singular curvature κ L , the lightlike normal curvature κ N , the lightlike geodesic torsion κ G , and the balancing curvature κ B (see Definitions 3.2 and 3.13). In particular, we show that κ L is an intrinsic invariant (Lemma 3.9), and we prove the formula for κ B in terms of the adapted coordinate system (Proposition 3.16). In Section 4, we prove Theorem A. More precisely, we first consider κ L and prove the assertion (i) of Theorem A. Next, to calculate κ N and κ G , we prepare a formula of the cross product at a lightlike point (Lemma 4.3). Then, we give a proof of the assertion (ii) of Theorem A, and Theorem 4.5. Finally, we show a similar result about κ B in Theorem 4.10. In Section 5, we investigate the behavior of Gaussian curvature K, and prove Theorem B and Corollary C. We also show that κ L affects the shape of mixed type surfaces (Corollary 5.7), and that the principal curvatures of a mixed type surface with bounded Gaussian curvature are real valued near the lightlike point set (Corollary 5.11). Then, in Section 6, we derive a Monge form of a mixed type surface at a lightlike point of the first kind (Proposition 6.1). Finally, in Section 7, reviewing the results by Pelletier [31] and Steller [40] , we prove Corollary D.
Mixed type surfaces
Let (M 3 ,ḡ) be an oriented Lorentzian 3-manifold with the metricḡ = ,
, v is called timelike (resp. lightlike). Let {e 1 , e 2 , e 3 } be a positively oriented orthonormal basis of T p M 3 , namely, (2.1) e 1 , e 1 = e 2 , e 2 = − e 3 , e 3 = 1, e i , e j = 0 holds, where i, j = 1, 2, 3 (i = j). For tangent vectors v, w ∈ T p M 3 , the vector product v × w is given by
where v i := v, e i , w i := w, e i (i = 1, 2, 3) are components of v, w with respect to the orthonormal basis {e 1 , e 2 , e 3 }. Then, it holds that (1) v × w is orthogonal to both v and w,
For v ∈ T p M 3 , we put |v| := | v, v |. In this paper, a surface in an oriented Lorentzian 3-manifold
of a differentiable connected 2-manifold Σ into M 3 . We call the smooth metric ds 2 on Σ defined by
is called the first fundamental form (or the induced metric) of f . A point p ∈ Σ is called a spacelike (resp. timelike, lightlike) point , if (ds 2 ) p is a positive definite (resp. indefinite, degenerate) symmetric bilinear form on T p Σ. We denote by Σ + (resp. Σ − , LD) the set of spacelike (resp. timelike, lightlike) points. A surface f : Σ → M 3 is called spacelike (resp. timelike), if Σ coincides with Σ + (resp. Σ − ). If both the spacelike sets Σ + and the timelike sets Σ − are non-empty, the surface is called a mixed type surface.
On a local coordinate neighborhood (U ; u, v), set
2 is written as
where
a point q ∈ U is a lightlike (resp. spacelike, timelike) point if and only if λ(q) = 0 (resp. λ(q) > 0, λ(q) < 0) holds. Namely, U ± := Σ ± ∩ U are written as
We call λ the discriminant function.
2.1. Non-degenerate lightlike points. Let f : Σ → M 3 be a mixed type surface. For each point p ∈ Σ, the subspace 
for each lightlike point p ∈ LD of a mixed type surface f : Σ → M 3 . Then, a smooth vector field η defined on a neighborhood U of p ∈ LD is called a null vector field if η q ∈ T q Σ is a null vector at each q ∈ LD ∩ U .
As in the introduction, a lightlike point p ∈ LD is called non-degenerate if dλ(p) = 0, where λ is a discriminant function. By the implicit function theorem, there exists a regular curve γ(t) (|t| < ε) in Σ such that p = γ(0) and Image(γ) = LD holds in a neighborhood of p. We call γ(t) a characteristic curve. For a null vector field η defined on a neighborhood of p, the restriction η(t) := η γ(t) ∈ T γ(t) Σ is called a null vector field along γ(t).
A lightlike point p ∈ LD is said to be a type-changing point if each open neighborhood U of p satisfies U ∩ Σ + = ∅ and U ∩ Σ − = ∅. Lemma 2.1. A non-degenerate lightlike point is a type-changing point.
Proof. Since γ is regular, we can take a local coordinate system (U ; u, v) around p such that LD = {(u, 0)}. Then, λ(u, 0) = 0 yields λ u (u, 0) = 0. Since p = (0, 0) is non-degenerate, we have λ v (u, 0) = 0. Hence, changing the orientation of v-axis, if necessary, U + = {(u, v) ; v > 0}, U − = {(u, v) ; v < 0} hold. In particular, p is a type-changing point.
Thus, characteristic curves are also called characteristic curves of type change. Definition 2.2. Let p ∈ Σ be a non-degenerate lightlike point, γ(t) (|t| < ε) a characteristic curve passing through p = γ(0), and η(t) a null vector field along γ(t). If γ ′ (0) and η(0) are linearly independent (resp. linearly dependent), we call p the lightlike point of the first kind (resp. the lightlike point of the second kind ). Moreover, let p ∈ LD be a lightlike point of the second kind. Then,
• p is said to be admissible if, for each open neighborhood U of p, the intersection LD ∩ U contains a lightlike point of the first kind.
• p is said to be an L ∞ -point if p is not admissible. That is, there exists an open neighborhood U of p such that LD ∩ U consists of lightlike points of the second kind. In other words, p is admissible if there exists a sequence {p n } of lightlike points of the first kind such that lim n→∞ p n = p. And, p is an L ∞ -point if there existsε > 0 such that γ(t) and η(t) are linearly dependent for all |t| <ε. If we set
is a lightlike point of the first kind if and only if
By definition, L k -points are of the admissible second kind.
Remark 2.3. We remark that lightlike points of the first kind can be seen as 'cuspidal-edge-like'. More precisely, a germ of wave front f : (
. A useful criterion for the cuspidal edge was given in [21] , which implies the linear independence of the 'singular direction γ ′ (0)' and the 'null direction η(0)' (for more precise, see [21] ). Hence, a lightlike point of the first kind has a singularity type similar to the cuspidal edge. Similarly, an L 3 -point has a singularity type similar to the swallowtail. On the other hand, a germ of wave front f : (
. For a conelike singular point, the singular direction γ ′ (t) and the null direction η(t) are linearly dependent along the singular curve γ(t). Thus, an L ∞ -point has a singularity type similar to the conelike singularity.
Set the regular curveγ(t) in M 3 given by the imageγ(t) := f (γ(t)) of the characteristic curve γ(t) through f . We remark that p = γ(0) is of the first kind (resp. second kind) if and only ifγ ′ (0) is spacelike (resp. lightlike). If p is of the first kind, then there existsε > 0 such that, for any t ∈ (−ε,ε), γ(t) is also a lightlike point of the first kind. Since γ ′ (t) and η(t) are linearly independent for each t, we have that (2.8)γ(t) = f (γ(t)) (|t| <ε) is a spacelike regular curve in M 3 .
On the other hand, p is an L ∞ -point if and only if there existsε > 0 such that (2.9)γ(t) = f (γ(t)) (|t| <ε) is a lightlike regular curve in M 3 .
1 In the case of wave fronts, singular points of the first kind and the second kind were introduced in [28] . 
where S 1 := R/2πZ. Since the induced metric ds 2 is written as
we have λ = − cos 2 v cos 2v. Hence, the lightlike point set is given by
and every lightlike point of S 2 is non-degenerate. Then, γ(u) = (u, ±π/4) is a characteristic curve. Moreover, since G = 0 on γ, η := ∂ v gives a null vector field. Therefore, every lightlike point of S 2 is of the first kind. In the rest of this section, we give a characterization of lightlike points of the first kind. Proposition 2.6. Let f : Σ → M 3 be a mixed type surface and take a lightlike point p ∈ LD. On a local coordinate neighborhood (U ; u, v) of p, let λ be the discriminant function λ = EG − F 2 . Take a null vector field η on a neighborhood of p ∈ LD. Then, the following conditions are mutually equivalent:
(P 1 ) p is a lightlike point of the first kind, (P 2 ) ηλ(p) = 0, (P 3 ) η p η, η = 0, where we set η, η := ds 2 (η, η) = ηf , ηf .
For the proof of this proposition, we prepare the following lemma:
7 Lemma 2.7. The conditions (P 2 ) and (P 3 ) in Proposition 2.6 do not depend on the choices of a null vector field η and a local coordinate neighborhood (U ; u, v) of a lightlike point p ∈ LD.
Proof. Clearly, the condition (P 2 ) is independent on the choice of η. Take coordinate neighborhoods (U ; u, v), (V ; x, y) so that U ∩ V = ∅. Then
hold, where we set ds 2 = Edu 2 + 2F du dv + Gdv 2 =Êdx 2 + 2F dx dy +Ĝdy 2 . Let λ andλ be the discriminant functions, λ := EG − F 2 ,λ :=ÊĜ −F 2 , respectively. Then, by a direct calculation, we haveλ = J 2 λ, where
2 ηλ(p), which implies the condition (P 2 ) does not depend on the choice of a local coordinate neighborhood (U ; u, v) of p ∈ LD.
With respect to the condition (P 3 ), let η,η be smooth vector fields defined on a neighborhood U of p such that η p ,η p ∈ N p . Then, there exist smooth functions a, b and a smooth vector field ξ on U such that ξ, η are linearly independent, a(p) = 0,
Hence, the condition (P 3 ) is independent on the choice of η.
Proof of Proposition 2.6. First, we prove that the condition (P 1 ) is equivalent to (P 2 ). Since both the conditions (P 1 ) and (P 2 ) implies that the lightlike point p is non-degenerate, we may assume that p is a non-degenerate lightlike point. Then, (λ u , λ v ) = (0, 0) holds at p. Let γ(t) = (u(t), v(t)) (|t| < ε) be a characteristic curve passing through p = γ(0) and η = a(u, v)∂ u + b(u, v)∂ v a null vector field, where a, b : U → R are smooth functions. Then λ(γ(t)) = 0 holds, and hence
in the sense of the standard Euclidean inner product of R 2 . On the other hand, p is of the first kind if and only if det(γ ′ , η)(0) = 0. Thus p is a lightlike point of the first kind if and only if η is not perpendicular to (λ u , λ v ) at p, namely,
Next, we prove the condition (P 2 ) is equivalent to (P 3 ). By Lemma 2.7, we may take a coordinate neighborhood (U ; u, v) of p such that ∂ v is proportional to η. Then, there exists a non-vanishing smooth function α(u, v) such that ∂ v = α η. Since ∂ v is null at p, we have F (p) = G(p) = 0. We remark that E(p) > 0 holds (cf. (2.6)). By a direct calculation, we have
which implies the desired result. 
Invariants of lightlike points of the first kind
Let f : Σ → M 3 be a mixed type surface. A function I : Σ → R, or I : LD → R, is called an invariant, that is, I does not depend on the choice of coordinate system of the source. An invariant I : Σ → R, or I : LD → R, is intrinsic if it can be locally represented by a C ∞ function of E, F , G and their differential, where ds 2 = E du 2 + 2F du dv + G dv 2 , and (u, v) is a coordinate defined in terms of the first fundamental form ds
2 . An invariant I : Σ → R, or I : LD → R, is extrinsic if there exists a mixed type surfacef such that the first fundamental form off is the same as f , but I does not coincide. In this section, we introduce several invariants along the lightlike points of the first kind.
3.1. Frames along lightlike points of the first kind. Let f : Σ → M 3 be a surface and p ∈ Σ a lightlike point of the first kind. On a coordinate neighborhood (U ; u, v) of p, set λ = EG − F 2 as a discriminant function (cf. (2.5)). Take a characteristic curve γ(t) (|t| < ε) passing through p = γ(0), and a null vector field η(t) along γ(t). If we take sufficiently small ε > 0, we may assume that γ(t) consists of lightlike points of the first kind (cf. (2.8)). By (2.8),
is a spacelike tangent vector field of unit length. Put the vector field
We remark that such a vector field N (t) is uniquely determined by e(t) and L(t).
Lemma 3.1. There exists a null vector field η such that η ηf , ηf = 1 holds along the characteristic curve. (We call such an η a normalized null vector field.)
Proof. By Proposition 2.6, η ηf , ηf does not vanish along the characteristic curve. For any non-vanishing function α,η := α η is also a null vector field. Differentiating ηf ,ηf = α 2 ηf , ηf , we have
Setting α := (η ηf , ηf ) −1/3 , we obtainη ηf ,ηf | LD = 1, that is,η is the desired null vector field.
A characteristic curve γ(t) is said to be parametrized by arclength if |γ ′ (t)| = 1 holds. Then we have e(t) =γ ′ (t).
Definition 3.2. Let p ∈ LD a lightlike point of the first kind. Take a characteristic curve γ(t) (|t| < ε) parametrized by arclength such that p = γ(0). Also let η be a normalized null vector field near p. Set
For a characteristic curve γ(t) which consists of lightlike points of the first kind, we also describe the lightlike singular curvature κ L (γ(t)) (resp. the lightlike normal curvature κ N (γ(t)), the lightlike geodesic torsion κ G (γ(t))) along γ(t), as κ L (t) (resp. κ N (t), κ G (t)), unless otherwise noted. It can be easily seen that the definitions of κ L , κ N and κ G are independent of the choice of the arclength parameter t. Similarly, they are independent of the choice of the normalized null vector field η, which can be verified by the following. Lemma 3.3. If both η andη are normalized null vector field, then η| LD =η| LD holds.
Proof. Let ξ be a non-zero smooth vector field such that ξ| LD is tangent to LD. Then, there exist smooth functions α, β such that α = 0, β| LD = 0 andη = α η+β ξ. It suffices to show that α| LD = 1 holds. Sincē
holds, and evaluating this on LD, we have α| LD = 1.
By a standard method, we have the following:
Lemma 3.4. Let γ(t) be the characteristic curve consisting of lightlike points of the first kind with the arclength parameter t, and η a normalized null vector field. Then, the frame
In the case that t is not necessarily an arclength parameter and η is not necessarily a normalized null vector field, we have the following formula.
Lemma 3.5. Let γ(t) be the characteristic curve consisting of lightlike points of the first kind, and η a null vector field. Then, κ L (t), κ N (t), κ G (t) are written as
respectively, where β(t) is a non-zero function defined by
Proof. As in Lemma 3.1,η := β −1/3 η is a normalized null vector field. SetL := df (η), and setN so that γ
implies (3.7) and (3.8), respectively. Moreover,
holds, and hence, we have (3.9). Example 3.6. As we seen in Example 2.5, every lightlike point on the unit sphere S 2 is of the first kind. We here calculate their invariants κ L , κ N and κ G using Lemma 3.5. Let f (u, v) be the parametrization of S 2 given by (2.10). The characteristic curve is given by γ(t) = (t, ±π/4), and its imageγ(t) :
(sin t, cos t, ±1) is a lightlike vector field alongγ(t) satisfying (3.2). Applying Lemma 3.5, we have
In particular, the unit sphere has positive lightlike singular curvature κ L > 0 along LD (cf. Corollary 5.7).
Let ∇ be the Levi-Civita connection of M 3 and e(t) the unit tangent vector field ofγ(t). We call
the curvature vector field ofγ(t). To measure the causality of R(t), we set θ(t) := R(t), R(t) . We call θ(t) the causal curvature function ofγ(t). Since
we have
Corollary 3.7. The causal curvature function θ(t) satisfies θ(t) = 2κ L (t)κ N (t).
Proof. In the case thatγ(t) is parametrized by arc length t, R(t) is written as
3.2. Lightlike singular curvature is intrinsic. We here show that the L-singular curvature κ L (t) depends only on the first fundamental form ds 2 , namely, κ L (t) is an intrinsic invariant. To give an expression of κ L (t) on a coordinate neighborhood, we introduce the following coordinate system. Definition 3.8. Let p ∈ Σ be a lightlike point of the first kind. Then, a coordinate system (U ; u, v) centered at p is called adapted if ∂ v gives a null vector field and the u-axis coincides with LD on U .
The existence of adapted coordinate systems can be proved easily. Adapted coordinate systems can be determined intrinsically, namely, they are defined in terms of the first fundamental form ds 2 . In fact, we can check that (u, v) is an adapted coordinate system if and only if
holds, where ds
The following lemma implies that the lightlike singular curvature κ L is an intrinsic invariant.
Lemma 3.9. Let p ∈ Σ be a lightlike point of the first kind and take an adapted coordinate system (U ; u, v). Then, we have
As γ(u) = (u, 0) is a characteristic curve and η = ∂ v is a null vector field, (3.7) implies
Since (3.11) yields F u (u, 0) = 0, we have (3.12) by (3.13).
3.3. Balancing curvature. Here, we introduce an invariant called the balancing curvature κ B (Definition 3.13) along the lightlike points of the first kind, which is related to the behavior of the Gaussian curvature, as we shall see later in Section 5. To define the balancing curvature, we use a coordinate system which is specially customized at lightlike points of the first kind.
Definition 3.10. Let p ∈ Σ be a lightlike point of the first kind. Then an adapted coordinate neighborhood (U ; u, v) of p is called specially adapted if
hold, where
We remark that, on an adapted coordinate neighborhood (U ; u, v) such that
Proposition 3.11. Let p ∈ Σ be a lightlike point of the first kind. Then there exists a specially adapted coordinate system centered at p.
For the proof of Proposition 3.11, we prepare the following.
Lemma 3.12. For an adapted coordinate system (x, y) of a lightlike point p of the first kind, a coordinate system (u, v) defined by v := y and (3.14)
Proof. Since p is of the first kind,Ê > 0 on a neighborhood of p = (0, 0). Thus, (3.14) is a coordinate change. We denote by x(u) the inverse function of (3.14). Setĝ 0 (x, y) :=Ê(x, 0) −1/2 . Then, we have dx =ĝ 0 du and hence
2 =Ê(x, y)/Ê(x, 0) = 1 for y = 0, we have that (u, v) is an adapted coordinate system such that E(u, 0) = 1.
Proof of Proposition 3.11. Let (x, y) be an adapted coordinate system such that E(x, 0) = 1, where ds 2 =Ê dx 2 + 2F dx dy +Ĝ dy 2 . Set (u, v) as u := x, v := y whereλ :=ÊĜ −F 2 . Setting E, F , G so that ds 2 = E du 2 + 2F du dv + G dv 2 , we may writeÊ,F andĜ as (2.11), (2.12) and (2.13), respectively. Since u x = 1, u y = 0,
we have E(u, 0) = 1, F (u, 0) = G(u, 0) = 0, namely, (u, v) is also an adapted coordinate system such that E(u, 0) = 1. Thus, it suffices to show that λ v (u, 0) = 1. Differentiating λ = EG − F 2 with respect to v, we have
By (2.
By an argument similar to (3.16),λ y (x, 0) =Ĝ y (x, 0) holds. Hence, by (3.15) and (3.17), we have λ v (u, 0) = 1.
By Lemma 3.9, on a specially adapted coordinate neighborhood (U ; u, v),
holds. Now, we shall introduce an invariant called the balancing curvature along the lightlike points of the first kind. Definition 3.13. Let p ∈ Σ be a lightlike point of the first kind. For a specially adapted coordinate neighborhood (U ; u, v) of p, we set
We call κ B (p) the balancing curvature at p = (0, 0), where
Let γ(t) be a characteristic curve which consists of lightlike points of the first kind. Then, we also describe the balancing curvature along γ(t), κ B (γ(t)), as κ B (t), unless otherwise noted. Since the u-axis gives a characteristic curve, γ(u) = (u, 0), on a specially adapted coordinate neighborhood (U ; u, v), we have
The definition of κ B does not depend on a choice of specially adapted coordinate systems (Proposition 3.15). To prove it, we prepare the following.
Lemma 3.14. Let (u, v) and (x, y) be specially adapted coordinate systems centered at a lightlike point p of the first kind. Then, we have
Proof. Let E, F , G,Ê,F ,Ĝ be the functions defined as
Then, we have
The adaptedness of (u, v) and (x, y) yields y(u, 0) = 0, and hence y u (u, 0) = 0 holds. Since (u, v) is specially adapted, we have
, which gives the desired conclusion. Proof. Let (u, v) and (x, y) be specially adapted coordinate systems centered at a lightlike point p of the first kind. By (3.22), (3.23), (3.24) , and Lemma 3.14, we have
where the sign "±" corresponds to x u (u, 0) = ±1 in Lemma 3.14. Then, we can check that
which gives the desired result.
For an adapted coordinate system, which is not necessarily special, we have the following formula of the balancing curvature.
Proposition 3.16. Let p ∈ Σ be a lightlike point of the first kind and (U ; u, v) an adapted coordinate neighborhood centered at p = (0, 0). Then, the balancing curvature is written as
where the right hand side is evaluated at (0, 0).
Proof. Let (x, y) be a specially adapted coordinate system. SetÊ,F ,Ĝ as (3.21). The adaptedness of (u, v) and (x, y) yields v(x, 0) = 0, and hence
holds. By (2.11), (2.12), (2.13), we have
Taking the partial derivative of (2.13) with respect to y along the x-axis, we have
holds. Taking the differentiation of the square of (3.27), u x (x, 0) 2 = 1/E(u, 0), with respect to x, we have
where we used (3.29). Using (3.26), (3.27), (3.28), (3.30), we can check that
, which gives the desired result.
Behavior of the invariants at lightlike points of the second kind
In this section, we study the behavior of the four invariants, κ L , κ N , κ G , κ B , at lightlike points of the admissible second kind. We first consider κ L and prove the assertion (i) of Theorem A. Next, to calculate κ N and κ G , we prepare a formula of the cross product at a lightlike point (Lemma 4.3). Then, we give a proof of the assertion (ii) of Theorem A. Finally, we show a similar result about κ G and κ B in Theorems 4.5 and Theorem 4.10.
4.1.
Behavior of the lightlike singular curvature. We shall prove that the Lsingular curvature κ L diverges to −∞ at a lightlike point of the admissible second kind. We carry out the calculation on the following coordinate system: Definition 4.1. Let p ∈ Σ be a lightlike point of the admissible second kind. A local coordinate system (U ; u, v) centered at p such that the u-axis gives a characteristic curve γ(u) = (u, 0) is said to be a characteristic coordinate system. Then, there exists a smooth function ε(u) on the u-axis such that
is a null vector field η(u) along γ(u) = (u, 0). The admissibility of p implies that ε(0) = 0, ε(u) ≡ 0. Namely,
is not empty, and consists of lightlike points of the first kind.
Lemma 4.2. On the u-axis,
hold. Moreover,
holds. In particular, we have E v (0, 0) = 0.
Proof. Since
we have (4.4). Moreover, as in (3.13), we have
holds, which implies (4.5). With respect to (4.6), differentiating λ = EG − F 2 , we have
Since λ(u, 0) = 0, the non-degeneracy yields λ v (0, 0) = 0, which implies (4.6).
Proof of the assertion (i) of Theorem A. Let p be a lightlike point of the admissible second kind. Take a characteristic coordinate system (U ; u, v) centered at p. Since p is a lightlike point of the admissible second kind, there exists a sequence {p n } n∈N ⊂ Z c such that lim n→∞ p n = p. We may write p n = (u n , 0) (∈ Z c ). By Lemma 3.5, we have
, where β(u) = η ηf , ηf | γ(u) . Since
holds and ηf , ηf is identically zero along the u-axis, we have
where we set ρ(
0). On the other hand, Lemma 4.2 yields
on Z c . Together with (4.3), we have
holds. Therefore, we have that κ L (p n ) diverges to −∞ as n → ∞.
4.2.
Cross product. Let Q be a 2-dimensional degenerate subspace of
. Denote by L(Q) the union of the set of lightlike vectors of Q and the zerovector 0 ∈ Q, which is a 1-dimensional degenerate subspace of Q. Lemma 4.3. At a point p ∈ M 3 , take a non-zero spacelike tangent vector v ∈ T p M 3 . Let w ∈ T p M 3 be a lightlike tangent vector satisfying v, w = 0. Then, either v × w = |v| w or v × w = −|v| w holds. Moreover, if Q is a 2-dimensional degenerate subspace of T p M 3 , then we have x × y ∈ L(Q) for each x, y ∈ Q.
Proof. Set a spacelike unit tangent vector e 1 := |v| −1 v. Take e 2 , e 3 ∈ T p M 3 so that {e 1 , e 2 , e 3 } forms a positively oriented orthonormal basis for T p M 3 (cf. (2.1)). Set two lightlike vectors e + , e − ∈ T p M 3 as e + := e 2 − e 3 , e − := e 2 + e 3 .
Since w ∈ T p M 3 is a lightlike vector which is orthogonal to v, we have that w is parallel to either e + or e − . Hence, there exists a non-zero real number b ∈ R such that either w = be + or w = be − holds. By a straightforward calculation (cf. (2.2)), v × w = |v| w (resp. v × w = −|v| w) holds if w = be + (resp. w = be − ).
On the other hand, take a non-zero spacelike tangent vector v ∈ Q and let w ∈ Q be a lightlike tangent vector. Then, we have Q = Span(v, w), L(Q) = Span(w), and v, w = 0. Since x and y are written as linear combinations of v and w, there exists a square matrix A of order 2 such that (x, y) = (v, w)A holds. Then, we have
, which proves the assertion.
Let p ∈ Σ be a lightlike point of the admissible second kind. Take a characteristic coordinate system (U ; u, v) centered at p. Since f v (u, 0) is a non-zero spacelike vector field (cf. (4.1)) and L(u) = df (η(u)) is a lightlike vector field which is orthogonal to f v (u, 0), we may apply Lemma 4.3. Then, there exists σ = ±1 such that
along the u-axis. Therefore, taking sufficiently small U , if necessary, there exists a smooth map ψ = ψ(u, v) such that (4.8)
where E v = E v (u, 0), G = G(u, 0), and
Proof. Let N (u) be the unique vector field N (u) of M 3 alongγ(u) := f (u, 0) such that
holds on Z c (cf. (3.2) ). First, we calculate N (u).
Applying the division lemma 2 to (4.3), there exists smooth functionsẼ,F such that
holds on a neighborhood of p = (0, 0). Differentiating this with respect to v, we haveẼ
By (4.8), we have
Hence, f u , ψ = −σ √ G(Ẽ + εF ) holds on U . Similarly, we have
By (4.13) and (4.14), it follows that
0). Substituting this into (4.12), we have
where we used (4.15), (4.16) and (4.17) . Solving this, we obtain
where the right hand side is evaluated on Z c and ρ(u) is the smooth function on the u-axis defined by (4.11) .
By Lemma 3.5, we have
where β(u) = η ηf , ηf | γ(u) = ε(u) ρ(u) (cf. (4.7)), and ρ(u) is the function defined by (4.11). By (4.18) and Lemma 4.2, we have (4.19) where E v = E v (u, 0), G = G(u, 0), and ν 1 (u) is a smooth function defined on the u-axis. By (4.3), (4.20) |f
holds. Thus, we have
which implies (4.9). With respect to κ G , we have
,
By (4.12), we obtain
Now, by (4.18) and Lemma 4.2
holds, where ν 2 (u) is a smooth function defined on the u-axis. Using
and substituting (4.19), (4.22), (4.23) into (4.21), we have
where g 1 (u) is a smooth function defined on the u-axis.
Proof of the assertion (ii) of Theorem A. As in the proof of the assertion (i) of Theorem A, take a characteristic coordinate system (U ; u, v) centered at p, and a sequence {p n } n∈N ⊂ Z c such that lim n→∞ p n = p. We may write p n = (u n , 0) (∈ Z c ). By Lemma 4.4, we have ε(u) 8/3 κ N (u) = r N (u), where we set
Since ε(0) = 0 and ρ(0) = E v (0, 0) by (4.11), it holds that
First, assume that p is not an L 3 -point. Then, ε ′ (0) = 0 holds. Since u n converges to 0 as n → ∞, we have
Hence, κ N (p n ) diverges to −∞ as n → ∞. Next, let us assume that p is an L 3 -point. Since ε(0) = 0 and ε ′ (0) = 0 hold, there exist a smooth function ε 0 (u) such that ε(u) = u ε 0 (u) (ε 0 (0) = 0) holds. On the other hand, since r N (u) is a smooth function on the u-axis, there exist an integer k ∈ Z and a smooth function ν 0 (u) such that r N (u) = u k ν 0 (u) holds. Then, on Z c , we have
is not an integer, κ N (u n ) tends to 0 or diverges as n → ∞, which gives the desired result.
Similarly, we have the following result for the lightlike geodesic torsion κ G . Proof. Take a characteristic coordinate system (U ; u, v) centered at p, and a sequence {p n } n∈N ⊂ Z c such that lim n→∞ p n = p. We may write p n = (u n , 0) (∈ Z c ). By Lemma 4.4, we have ε(u)|ε(u)|κ G (u) = r G (u), where we set
As a corollary of Theorem A, we have the following. Corollary 4.6. Let p ∈ Σ be a lightlike point of the second kind, and let γ(t) (|t| < ε) be a characteristic curve passing through p = γ(0). Assume that p is not an L 3 -point, and γ(t) is of the first kind for each t = 0. Then, the curvature vector field R(t) (cf. (3.10)) ofγ(t) = f • γ(t) is spacelike for sufficiently small t = 0.
Proof. Let θ(t) be the causal curvature function θ(t) := R(t), R(t) . Corollary 3.7 yields θ(t) = 2κ L (t)κ N (t). Together with Theorem A, we have that θ(t) diverges to +∞ at 0. Hence, θ(t) > 0 for sufficiently small t = 0.
4.3.
Behavior of the balancing curvature. Finally, we investigate the behavior of the balancing curvature κ B at a lightlike point of the admissible second kind.
Let p ∈ Σ be a lightlike point of the admissible second kind. Take a characteristic coordinate system (U ; u, v) centered at p. The set Z c defined by (4.2) consists of lightlike points of the first kind. Fix a point p 0 = (u 0 , 0) ∈ Z c such that |u 0 | is sufficiently small. Since ε(u 0 ) > 0, (4.24) x := u − 1 ε(u) v, y := v defines a new coordinate on a neighborhood of p 0 .
Lemma 4.7. The coordinates (x, y) given in (4.24) is an adapted coordinate system (cf. Definition 3.8). Moreover, for a smooth function h = h(u, v), we have
where the right hand sides are evaluated on Z c .
Proof. We set (4.28)
and hence,
holds. Thus, we have that the x-axis is the singular set, and ∂ y is in the null direction on the the singular set, in particular, (x, y) is an adapted coordinate system. By a direct calculation, we have the formulas (4.25), (4.26) and (4.27).
LetÊ,F ,Ĝ be the functions such that ds 2 =Êdx 2 + 2F dx dy +Ĝdy 2 . By Proposition 3.16, the balancing curvature κ B (u) is written as
for each (u, 0) ∈ Z c , where we set
Moreover, there exist smooth functions τ i (u) on the u-axis (i = 1, 2, 3, 4), such that
Proof. By a direct calculation using Lemma 4.7, we have
where we used (4.3). Moreover, since
there exists a smooth function q 1 (u) defined on the u-axis such that
holds. Similarly, there exists a smooth function q 2 (u) defined on the u-axis such that
By (2.11), (2.12), (2.13), we havê
SinceÊ(u, 0) = E(u, 0), andÊ x (u, 0) = E u (u, 0), we have (4.32). Next we consider E y andF y . Substituting the above ∆ y , ε y , E y , F y intô
we have (4.33). With respect toÊ yy , substituting the above ∆ y , ∆ yy , E y , E yy intô Lemma 4.9. For (u, 0) ∈ Z c , we have
where τ i (u) (i = 0, 3) are smooth functions on the u-axis, and
Proof. By Lemma 4.8, we have
where A i (u) (i = 1, 2) are the functions defined by (4.30), (4.31), and τ 0 (u) is a smooth function defined on the u-axis. Moreover, by Lemma 4.8,
holds along the u-axis, where τ 3 (u) is a smooth function as in Lemma 4.8. Substituting these identities into (4.29), we have (4.38).
Theorem 4.10. Let f : Σ → M 3 be a mixed type surface in an oriented Lorentzian 3-manifold M 3 and p ∈ Σ a lightlike point of the admissible second kind. Then, the balancing curvature κ B converges to 0 or diverges to ±∞ at p. In particular, if p is not an L 3 -point, then κ B tends to −∞ at p.
Proof. As in the proof of Theorem A, take a characteristic coordinate system (U ; u, v) centered at p, and a sequence {p n } n∈N ⊂ Z c such that lim n→∞ p n = p. We may write p n = (u n , 0) (∈ Z c ). By Lemma 4.4, we have ε(u) 8/3 κ B (u) = r B (u), where we set
Since ε(0) = 0, it holds that
Hence, κ B (p n ) diverges to −∞ as n → ∞. Next, let us assume that p is an L 3 -point. Since ε(0) = 0 and ε ′ (0) = 0 hold, there exist a smooth function ε 0 (u) such that ε(u) = u ε 0 (u) (ε 0 (0) = 0) holds. On the other hand, since r B (u) is a smooth function on the u-axis, there exist an integer k ∈ Z and a smooth function µ 0 (u) such that r B (u) = u k µ 0 (u) holds. Then, on Z c , we have
is not an integer, κ B (u n ) tends to 0 or diverges as n → ∞, which gives the desired result.
Behavior of Gaussian curvature
In this section, we study the behavior of the Gaussian curvature K at nondegenerate lightlike points. After calculating K at a lightlike point of the first kind (Proposition 5.5), we give a characterization of the boundedness of K in terms of the invariants κ L , κ N and κ B in Theorem 5.6. Then, we show a relationship between κ L and the shape of the surface (Corollary 5.7), and prove Theorem B and Corollary C. 
holds. Since q ∈ LD ∩ V is chosen arbitrarily, we may assume that either
holds on LD ∩ V , without loss of generality. Since dλ = 0, the division lemma (cf.
[44, Appendix A]) implies that there exist an open neighborhood U ⊂ V of p, and a smooth vector field ψ of M 3 along f defined on U such that either
holds on U . Thus, we have the desired result. 
holds on U , where σ = ±1.
Remark 5.3. According to Lemma 4.3, it holds that, if (U ; u, v) is admissible, then ∂ v gives a null vector field on U . Hence, together with Lemma 5.1, we may identify an admissible coordinate system with a coordinate system such that ∂ v is a null vector field, on a sufficiently small neighborhood of a non-degenerate lightlike point. In particular, admissible coordinate systems can be determined intrinsically.
In the case that p is of the first kind, any adapted (or specially adapted) coordinate system (U ; u, v) centered at p satisfies that ∂ v is a null vector field. Therefore, taking a smaller neighborhood if necessary, we may assume that any adapted (or specially adapted) coordinate system is admissible.
The L-normal curvature κ N can be expressed using the map ψ. Set functions φ ij (i, j = 1, 2) as
Lemma 5.4. On a specially adapted coordinate system (U ; u, v) centered at a lightlike point p of the first kind, the L-normal curvature κ N (u) along the u-axis is given by
Proof. Since (u, v) is adapted, γ(u) := (u, 0) is a characteristic curve and η := ∂ v is a null vector field. Putγ(u) := (f • γ)(u) = f (u, 0). Since γ ′ (u),γ ′ (u) = E(u, 0) = 1, the characteristic curve γ(u) is parametrized by arclength, where
holds along the u-axis, η = ∂ v is a normalized null vector field. Then, the L-normal curvature κ N (u) is given by
where N (u) is a vector field alongγ(u) satisfying (3.2). Since F (u, 0) = G(u, 0) = 0, there exist smooth functionsF ,Ĝ on a neighborhood of p such that F = vF , G = vĜ holds. Then, on the u-axis, we have
where we used
it follows that
on U , by the continuity. In particular, by (5.5),
holds on the u-axis. Then,
2), where we used (5.7). Substituting N (u) into (5.4), we have (5.3). Here, we used f u (u, 0), ∇ u f u (u, 0) = E u (u, 0)/2 = 0.
5.2.
Boundedness of Gaussian curvature. We here calculate the Gaussian curvature near non-degenerate lightlike points. Let f : Σ → M 3 be a mixed type surface. Take a coordinate neighborhood
gives a unit normal vector field along f on the non-lightlike point set U + ∪ U − , where we denote by U + (resp. U + ) the set of spacelike (resp. timelike) points on U .
We set the smooth functions h 11 , h 12 and h 22 on U + ∪ U − as
where ∇ is the Levi-Civita connection of (M 3 ,ḡ) and ∇ u := ∇ ∂u , ∇ v := ∇ ∂v . Then, the second fundamental form II of f is given by (5.8) II = h 11 du 2 + 2h 12 du dv + h 22 dv 2 .
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The extrinsic curvature function K ext and the mean curvature function H are written as
where Kḡ is the sectional curvature of the Lorentzian manifold (M 3 ,ḡ). Then, by the Gauss equation, K is given by
Hence, on U + ∪ U − , the Gaussian curvature K is written as
Let p ∈ LD be a non-degenerate lightlike point. On an admissible coordinate system (U ; u, v) centered at p, there exists a smooth vector field ψ of
where σ = ±1. Let U + (resp. U − ) be the set of spacelike points (resp. timelike points) on U . Since ν = (f u × f v )/ |λ| is a unit normal vector field on U + ∪ U − , we have
Hence, the second fundamental form II defined on on U + ∪ U − is written as II = h 11 du 2 + 2h 12 du dv + h 22 dv 2 , where
where φ ij (i, j = 1, 2) are given by (5.2). We set smooth functionsĥ ij (i, j = 1, 2) asĥ ij := |λ|h ij . By
and (3.13), it follows that
As in (5.10), the Gaussian curvature K is given by
on U + ∪ U − , where cḡ is a smooth function on U + ∪ U − defined as (5.9). Hence
is a smooth function on U . By (5.11),K is written as
Proposition 5.5. Let f : Σ → M 3 be a mixed type surface and p ∈ LD a lightlike point of the first kind. Take a specially adapted coordinate neighborhood (U ; u, v) of p = (0, 0). Let λ be the discriminant function λ := EG − F 2 on (U ; u, v), and K be the Gaussian curvature on U \ LD. Then,K := λ 2 K is smoothly extended to U , and expressed as
) is a smooth function defined on a neighborhood of p = (0, 0) (resp. 0).
Proof. By (5.12),K is a smooth function on U . Using (5.13), we shall prove (5.14).
As we have seen in the proof of Lemma 5.4, the u-axis γ(u) := (u, 0) gives a characteristic curve, and η := ∂ v is a null vector field. Since
there exist smooth functionsÊ,F ,Ĝ on a neighborhood of p such that
By (3.18), we haveÊ(u, 0) = −2κ L (u). Hence, there exists a smooth functionĚ on a neighborhood of p such that
holds. Namely, it holds that
Similarly, by (5.5), there exist smooth functionsF ,Ǧ on a neighborhood of p such that
holds. Differentiating (5.16),Ě(u, 0) = E vv (u, 0)/2 holds. Hence, by (3.20), we havě
Then, there exists a smooth functionẼ on a neighborhood of p such that
holds. Similarly, forǦ, there exists a smooth functionG on a neighborhood of p such thatǦ(u, v) =Ǧ(u, 0) + vG(u, v). Thus it follows that G(u, v) = v + v 2 (Ǧ(u, 0) + vG(u, v)). Moreover, by (5.16), we have
Hence, there exists a smooth functionρ on a neighborhood of p such that
holds. With respect to φ 11 = ∇ u f u , ψ , applying Lemma 5.4, there exists a smooth functionα on a neighborhood of p such that 
Hence, by Proposition 5.5, we can describe the behavior of the Gaussian curvature near a lightlike point of the first kind in terms of the invariant, κ L , κ N and κ B as follows.
Theorem 5.6. Let f : Σ → M 3 be a mixed type surface and p ∈ LD a lightlike point of the first kind. Then, the following holds.
( Proof. Assertions (i) and (ii) are immediate consequences of Proposition 5.5. So we shall prove (iii). By (5.12),K = v 2λ2 K. Hence, by (5.14), if K is bounded on a neighborhood of p, then
holds, which implies (5.21). Conversely, if (5.21) holds, (5.14) yields that
holds whenever v = 0. This implies the Gaussian curvature is bounded.
As a corollary of Theorem 5.6, we here prove that the positivity or negativity of κ L affects the shape of the surface. In the case of fronts in the Euclidean 3-space R 3 , it was proved in [35, Corollary 1.18 ] that a cuspidal edge with positive (resp. negative) singular curvature κ s looks like positively curved (resp. negatively curved). A similar result holds in the case of the L-singular curvature κ L : 
which is known as Beltrami's pseudosphere as a surface of constant negative curvature K euc = −1 in the Euclidean 3-space R 3 . As a surface in R 3 1 , γ(t) := (t, log( √ 2 + 1)) is the characteristic curve consisting of lightlike points of the first kind. The imageγ(t) = f (γ(t)) is written aŝ
By a direct calculation, we have
In particular, κ L is negative, and hence, Corollary 5.7 yields that this surface is saddle shaped near the image of the lightlike point set LD (see Figure 5 .2). Proof of Theorem B. The second assertion of Theorem B is a direct conclusion of (iii) in Theorem 5.6. Hence, we here prove the first assertion of Theorem B. Let γ(t) (|t| < ε) be a characteristic curve passing through p = γ(0). Assume that p is not of the first kind. If p is a lightlike point of the admissible second kind, then there exists a sequence {p n } n∈N consisting of lightlike points of the first kind such that lim n→∞ p n = p. The assertion (i) of Theorem A yields that the L-singular curvature κ L cannot be bounded near p = γ(0). However, since K is bounded on a neighborhood of p, Theorem 5.6 implies that κ L (p n ) = 0 for sufficiently large n ∈ N , which is a contradiction. Hence, p cannot be of the admissible second kind.
Thus, suppose that p is an L ∞ -point. Then, there exists ε > 0 such that γ(t) is not of the first kind for |t| < ε. Hence, γ ′ (t) gives a null vector field along γ(t). If we take a coordinate system (U ; u, v) centered at p = (0, 0) such that η := ∂ v is a null vector field, the image of γ(t) coincides with the v-axis. Changing the parameter t if necessary, we may assume that γ(t) = (0, t) holds. Since η = ∂ v is a null vector field, we have F (0, v) = G(0, v) = 0. Therefore, there exist smooth functionsF ,Ĝ on a neighborhood of p = (0, 0) such that Therefore, the Gaussian curvature K =K/λ 2 diverges to ∞ at p = (0, 0), which is a contradiction. Thus, p must be of the first kind.
In the latter part of the proof of Theorem B, we have shown the following.
Corollary 5.9. The Gaussian curvature K diverges to ∞ at an L ∞ -point.
As introduced in Fact 2.4, if the mean curvature H is bounded on a neighborhood of a non-degenerate lightlike point p, then p is an L ∞ -point. Then, Corollary 5.9 yields that the Gaussian curvature K diverges to ∞ at p. This assertion was proved in [44, Proposition 4.8] (cf. [2] for the case of H = 0). Now, we prove Corollary C in the introduction. In the case of fronts in the Euclidean 3-space R 3 , it was proved in [30, Corollary B] that the limiting normal curvature κ ν of a cuspidal edge is an extrinsic invariant. Similarly, in [15] , it is proved that the lightlike normal curvature κ N at a lightlike point p of the first kind is an extrinsic invariant. More precisely, let f : (Σ, p) → R • f andf has the same first fundamental form (namely,f is isometric to f ), and • κ N (p) =κ N (p), where κ N (p) (resp.κ N (p)) is the lightlike normal curvature of f (resp.f ). However, in the case of κ L = 0, the existence of such anf cannot be proved in the method of [15] . We also remark that the lightlike geodesic torsion κ G is also an extrinsic invariant [15] .
Proof of Corollary C. Take a specially adapted coordinate system (U ; u, v) as in the proof of Theorem 5.6. If κ L (u) = 0, (5.14) yields that holds. Since κ B andK are intrinsic, we may conclude that κ N is also an intrinsic invariant.
Remark 5.10. Such a phenomenon does not occur in the case of wave fronts. Namely, there exist examples of wave fronts such that the singular curvature κ s is identically zero κ s = 0 along the singular set, but κ ν is still extrinsic. For example, the real analytic germ of a wave front f : (R 2 , 0) → R 3 defined by f (u, v) = ((1 + v 3 ) cos u, (1 + v 3 ) sin u, v 2 ) has cuspidal edge with κ s = 0 along the singular set v = 0. We can check that κ ν (0) = 0. And hence, by the method used in the proof of [30, Corollary B], we can prove the existence of a real analytic germ of a wave frontf : (R 2 , 0) → R 3 such that isf is isometric to f but κ ν (0) =κ ν (0).
In the rest of this section, we shall consider the behavior of umbilic points of mixed type surfaces with bounded Gaussian curvature. Let f : Σ → M 3 be a mixed type surface. On the timelike point set Σ − := {p ∈ Σ ; (ds 2 ) p is indefinite}, the restriction f − := f | Σ− is a timelike surface. Take a unit normal vector field ν of f − . The shape operator S := (df − ) −1 • (−dν) satisfies one of the following:
(i) S is diagonalizable over R. (In this case, H 2 − K ≥ 0 holds.) (ii) S is diagonalizable over C \ R. (In this case, H 2 − K < 0 holds.) (iii) S is not diagonalizable over C. (In this case, H 2 − K = 0 holds.)
Then, a point p ∈ Σ − is umbilic if and only if S satisfies the condition (i) and H(p) 2 − K(p) = 0 holds. In the case (i) (resp. (ii)), the principal curvatures are real valued (resp. non-real complex valued).
As we saw earlier, if H is bounded on a neighborhood of an non-degenerate lightlike point p, then K diverges to ∞ at p. Namely, H 2 − K diverges to −∞ at p. Therefore, we have:
If H is bounded on a neighborhood of an non-degenerate lightlike point p, then umbilical points do not accumulate to p. Moreover, there exists an open neighborhood U of p such that the principal curvatures are non-real complex valued on the timelike point set U − := Σ − ∩ U .
In the case of bounded Gaussian curvature, we have the following. Proof. By Theorem B, p must be of the first kind. By Fact 2.4, the mean curvature H is unbounded near p. Namely, H 2 diverges to ∞ at p. Hence, so does H 2 − K. Thus, there exists an open neighborhood U of p such that H 2 − K > 0 holds on U * := U + ∪ U − , which gives the desired result.
Monge form for mixed type surfaces
A Monge form of wave fronts in R 3 at the cuspidal edge singularity was given in [27] . We show the following proposition which can be regarded as a Monge form for mixed type surface at a lightlike point of the first kind. 
